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Abstract. Current applications of Hardware-in-the-Loop to model physical 

systems implementing differential equations in FPGA have shown an important 

increase due to their versatility and real-time response. However, code 

generation to implement differential equations into embedded hardware 

requires of designers high level of knowledge and time. This paper presents a 

methodology to generate code for simulating in hardware systems described by 

differential equations using a model-driven engineering approach. First, the 

systems of differential equations are described in terms of state-space 

representation to get a discrete-time solution. Then, a metamodel for systems of 

equations is proposed, and systems of differential equations are solved by 

means of model transformation. Next, VHDL code is automatically generated 

using the model-driven engineering framework. Finally, methodology is 

validated through experimental and analytical results.     
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1. Introduction 

Fast progress of embedded hardware technology in recent years has created an 

opportunity for developing complex and compact high-performance industrial electronic 

systems [1]. Speed performance of new components and flexibility inherent of Field 

Programmable Gate Arrays (FPGAs) solutions give today many opportunities in the field 

of digital implementation for industrial control systems. Consequently, FPGA-based 

implementation of controllers can efficiently answer current and future challenges of this 

field [2].  

 

Parallel to control system design applications based on FPGA, execution of physical 

models in Hardware-in-the-Loop applications has gained research attention [3]. Models of 

physical systems implemented in hardware typically include several differential equations. 
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Indeed, designers currently consider simulating physical systems using Hardware-in-the-

Loop tools and FPGAs. Besides, real-time execution is possible for more models due to 

faster processors, and larger capacities of Field-Programmable Gate Arrays [4]. 

Although FPGAs are considered as appropriate solutions to control system design and 

real-time model simulations, such solutions require high level of knowledge and more time 

effort for developing designs [5]. In addition, difficulties associated to embedded hardware 

design suggest the necessity of developing tools for reducing time-to-market and increasing 

productivity of designers. As a result, the High Level Specification of Embedded System 

(HiLeS) research group shows a solution to this problem building a design strategy based 

on model-driven engineering. The HiLeS design strategy uses a model conforming to 

SysML metamodel, which is transformed to another model conforming to a VHDL 

metamodel; therefore, the developer is abstracted from differences in implementations from 

hardware to hardware and algorithms [15]. However, the solution presented by the HiLeS 

research group requires integrating the dynamic of physical systems in term of differential 

equations to complete the design chain. As a consequence, the methodology presented in 

this paper is intended to be integrated into the HiLeS perspective.  

 

This paper presents a methodology based on model-driven engineering to generate 

VHDL code from differential equations descriptions. This methodology is intended to aid 

to designers in the process of elaborating VHDL code to implement differential equations 

in FPGA for Hardware-in-the-Loop and control system design applications.  

 

Model-driven engineering is focuses on models as the main items in the development 

process, with transformations as the major operation on models, used to map information 

from one model to another [6][7]. In general, model-driven engineering allows 

transforming models in a high level of abstraction with independence of the platform and 

the programing language. As a result, model-driven engineering shows a great advantage to 

develop code for electronics devices because of their platform and programing language 

independence.  

 

The methodology presented in this paper begins with the representation of differential 

equations in the state-space. Then, a discrete-time solution of differential equations is 

obtained by the model transformation employing ATL (Atlas Transformation Language). 

Next, automatic code generation from discrete-time solution is generated using Acceleo. 

Finally, generated code is implemented in FPGA. 

   

The remaining of this paper is organized as follows: Section 2 gives an overview of 

state-space representation of physical systems, and discrete-time solution of differential 

equations is shown.  Section 3 shows basic concepts of Model-driven engineering for 

model transformation. In section 4 is presented the definition of metamodel for systems of 

equations, and in this section is explained the methodology to obtain a discrete-time 
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solution of differential equations using metamodels. Section 5 describes the automatic code 

generation strategy. Finally, section 6 contains details about hardware implementation and 

experimental results.  

2. State-Space Representation of Physical Systems  

 

Systems of differential equations are used to describe the dynamic of physical systems; 

currently, modern theories are used to solve these systems of equations. The state-space 

representation is one of these theories [8]. State-space theory provides descriptions of 

physical systems in terms of first-order differential equations with a set of internal variables 

known as state variables [8]. These state variables characterize the systems and allow 

knowing information about the physical systems at any time t. 

 

The standard form to describe physical systems in terms of state variables uses a set of 

  first-order ordinary differential equations [9]. In the standard form, the time derivative of 

each state variable expressed in terms of   ( )   ( )     ( ) and the system input  ( ) is 

given by: 
   ( )
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Equation (2) may be summarized as: 

 

 ̇( )    ( )     ( )                                                                              (3) 

 

Given the sampling time   , The state at time t, where          , of the system 

describe by equation (3), is [10]: 
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For periodic sampling with period   and sampling time      ; the discrete-time 

solution (Eq. 4) at the time         simplifies to [10]: 

 

 (    )    (  )    (  )                                                               (5) 

Where [10], 

         and       ∫       
 

 
                                                               (6) 

Additionally,   and   may be calculated from [11]: 
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   ]                                           (7) 

 

3. Model-Driven Engineering for Model Transformations 

 

In the scope of model-driven engineering, model transformations provide techniques to 

produce target models from source models [12]. Indeed, model-driven engineering 

approach allows defining methods to correspond source models with target models.    

Figure 1 shows the model transformation process [12]. In figure 1, the simple model 

transformation Mt defines the method for generating the model Mb conforms to the 

metamodel MMb from the model Ma conforms to the metamodel MMa. Furthermore, the 

transformation model Mt conforms to the transformation metamodel MMt defines the 

model transformation semantics.  

 

 

 

 

 

 

 

 
 

Fig. 1. Model transformation process. 

 

4. Model-Driven Engineering Approach for Discrete-Time Solution of Differential 

Equations 

 

In this section a metamodel for systems of equations is presented, and discrete-time 

solution of differential equations using model transformations is proposed. 

 

4.1 Metamodel for System of Differential Equations  
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The state-space representation provides descriptions of physical systems in terms of 

first-order differential equations; therefore, the state-space representation is modeled in the 

system of equations domain. The proposed metamodel for system of equations has the 

following concepts: 

Assignation: Math representation of equitable proportions. 

Expression: Representative unit for the concept of equation. 

Literal: Math concept integrated by expression and operators. 

Operator: Math expression to operate variables and constants. 

Variable: Letter that represent unknown quantities. 

Constant: Number that represent a specific quantity.  

 

The proposed metamodel for system of equations and a metamodel instance are depicted 

in the following diagrams: 

 
Fig. 2. Metamodel for system of equations 
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 ( )̇    ( )     ( ) 
  ̇                

  ̇                  

 
Fig. 3. Metamodel instance  

4.2 Discrete-Time Solution of Differential Equations Using Model Transformations 

The system of differential equations and their discrete-time solution have alike models 

conform to the metamodel for system of equations, as shown in the following equations.  

 ̇( )    ( )     ( )        (    )    (  )    (  ) 

As a result, a model transformation from differential equations model to discrete-time 

solution model is considered to solve the system of differential equations.   Figure 4 shows 

the proposed methodology to solve the systems of differential equations using the model 

transformations. In figure 4, the model EqDif represents the systems of differential 

equations and the model Solution represents their discrete-time solution.  Furthermore, the 

model transformation EqDif2Solution states the model transformation rules to generate the 

discrete-time solution model from the differential equations model; both conform to the 

metamodel MMEquation. The proposed model transformation employs the Atlas 

Transformation Language (ATL), and the metamodel MMEquation is described from the 

metametamodel Ecore. This proposed methodology employs ATL as framework to model 

transformations and to calculate arithmetic computations; the purpose of this perspective is 

to explore the suitability of ATL for integrating complex mathematical operations through 

the model transformation process. 
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Fig. 4. Generation of discrete-time solution of differential equations using model 

transformations 

 

5. Automatic Code Generation. 

 

Model-driven engineering approach is intended to generate code automatically from 

metamodel descriptions. In the proposed methodology, model of discrete-time solutions are 

automatically generated from model transformation using Atlas Transformation Language 

(ATL) [13]. Furthermore, frameworks for model-driven engineering have tools that allow 

transforming model to text to generate code. In this application, Acceleo [14] is the tool 

used to generated code from the transformed models, and the generated codes are VHDL 

and .m to Matlab. The following partial script in ATL is used to the model transformations: 

 
rule Constant2Constant{  
 from 
 d:EcuEstado!Constant   
 to w:EcuSolucion!Constant(  
 value<-d.C_euler 
 ) 
}  
Helpers->helpercontextEcuEstado!Constantdef: C_euler : Real = 
(self.value*0.01/1)+((self.value*0.01/1)*(self.value*0.01/1)/2)+((self.value*0.01/1)*(self.value*0.01/1)*(self.val
ue*0.01/1)/6)+((self.value*0.01/1)*(self.value*0.01/1)*(self.value*0.01/1)*(self.value*0.01/1)/24); 
 

Model transformation is illustrated in the following figure: 

 
  ( )

  
     ( )    ( )        (    )       (  )        (  ) 
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Fig. 5. Model transformation to solve differential equation. 

 

The following partial template in Acceleo is used to generate the VHDL code: 

 

[file (anEcuacion.nombre + '.vhd', false, 'UTF-8')] 
[comment preguntar por los operadores /] 
library IEEE; 
use IEEE.STD_LOGIC_1164.ALL; 
use IEEE.STD_LOGIC_ARITH.ALL; 
use IEEE.STD_LOGIC_UNSIGNED.ALL; 
---------------------------------------------- 
ENTITY conv_int2 IS 
PORT ( a: IN STD_LOGIC_VECTOR(7 downto 0); 
  clk, rst : in std_logic; 
  y: OUT STD_LOGIC_VECTOR(15 downto 0)); 
END conv_int2; 
---------------------------------------------- 
ARCHITECTURE my_arch OF conv_int2 IS 
SIGNAL prod, reg: integer range 0 to 65000; 
BEGIN 
 PROCESS (clk,rst)  
 VARIABLE [X()/]: integer range 0 to 65000:=0; 
BEGIN  
 IF (rst='1') THEN 
  reg<= 0; 
 ELSIF (clk'EVENT AND clk='1') THEN 
  [X()/] := ([X()/]*[A()/])+[B()/]*[u()/]; 
  reg<= [X()/]; 
 END IF; 
  y<=reg; 
END PROCESS; 
END my_arch; [/file] 
 

The following partial template in Acceleo is used to generate the .m code: 

 
[file (anEcuacion.nombre + '.m', false, 'UTF-8')] 
[comment preguntar por los operadores /] 

Transformation 
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clear; clc; 
 [X()/](1) = 0; 
 h = 0.01; t(1) = 0; [U()/] = 1; 
 for k=1:1000, 
  [Diferencial()/](k+1) = ( (1 + [A()/])*[X()/](k) ) + ( [B()/]*[U()/]); 
  t(k+1) = h*k; 
 end 
 plot(t,[X()/],'.') 
[/file] 

 

6. Experimental Results 

The proposed methodology is validated comparing the analytical solution for system of 

differential equations against experimental implementation of the generated VHDL code by 

the model transformations. Figure 6 shows the hardware structure for the implementation. 
 

                           

                                   a)                                                             b) 

Fig. 6. a) Block diagram of hardware implementation. b) Employed hardware to implement the 

generated VHDL code. 

The following system of differential equations in state-space representation was used to 

validate the methodology: 

  

 ̇                                                                                             (8) 

 ̇                                                                                             (9) 

For sample time        s, the discrete-time solution for the systems of equations (8) 

and (9) is: 

  (    )          (  )          (  )           (  ) (10) 

  (    )          (  )          (  )           (  ) (11) 

Figure 7 shows the analytical solution for the system of equations (8) and  (9), and figure 

8 displays the experimental results. 
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a)                                                               b) 

Fig. 7. Analytical solution for the system of differential equations. a) State variable x1,  b) State 

variable x2.  

 

  
a)                                              b) 

Fig. 8. Experimental discrete-time solution from the model transformations. a) State variable x1,  b) 

State variable x2.  

Figures 7 and 8 show that implementation of the generated VHDL code is consistent 

with the analytical solution. Indeed, table 1 shows that time and magnitude parameters from 

state-space variables in figures 7 and 8 are similar.  

Table 1. Theoretical and experimental results 

 Overshoot Rise time Settling time 

x1 theoretical (Fig. 7a) 62 % 160 mS 1.40 S 

x1 experimental (Fig. 8a) 66 % 165 mS 1.42 S 

x2 theoretical  (Fig. 7b) 03 % 0.8 S 1.80 S 

x2 experimental (Fig. 8b) 02 % 0.9 S 1.85 S 

 

 

7. Future Work 
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To integrate the proposed methodology to generate code of discrete-time solution of 

differential equations to the HiLeS design strategy [15] to provide a whole design chain for 

FPGA solutions. 

 

 

8. Conclusions 

 

Proposed methodology allows automatically generated VHDL code from systems of 

differential equations employing model-driven engineering. Also, model-driven 

engineering approach aids to designers in the implementation process of differential 

equations in FPGA.  

 

Systems of differential equations presented in space-state form are suitable to be solved 

in discrete-time form by means of model transformations. Furthermore, frameworks Ecore, 

ATL, and Acceleo allow producing VHDL code through model transformation chains.  

 

Methodology to solve differential equations focuses on metamodels is adaptable to 

several final platforms. Moreover, validation of experimental results shows that proposed 

methology is coherent with theoretical analysis. 
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